It has been generally accepted that the coupling strength of two purely capacitively coupled singlet triplet qubits is proportional to the product of the exchange splittings of each individual qubit. This simple physically motivated relationship has been observed to loosely hold in experiments, but no convincing theoretical argument supporting its use for more than an order-of-magnitude approximation exists. We test its validity as a precise equation by carefully studying a model of two double quantum dots, and calculating the ratio of the capacitive coupling strength to the product of the intraqubit exchange interactions. We find that the relationship approximately holds on a rough scale, but still differs significantly from the precise quantitative result, especially near the transition point between the (1, 1) and (0, 2) configurations, where these values are most sensitive, differing by over an order of magnitude. Thus we conclude that while this relationship can be used for estimation of parameters, it is not strictly valid within a quantitative context. In particular, the simple relationship of the interqubit coupling being proportional to the product of two individual exchange energies in the two quantum dots must not be used near the (1, 1) and (0, 2) transition point at all for any purpose.
I. INTRODUCTION
Semiconductor-based spin qubits are an attractive platform for quantum computing due to their long coherence times, fast gates, and potential for scalability. Such qubits consist of one or more electrons trapped in quantum dots established near the surface of a semiconductor. While such qubits have lower fidelities than competing platforms such as ion trap and superconducting qubits at this point in time, much experimental progress has been made in recent years in improving the fidelity in semiconductor-based spin qubits (see, e.g., Ref. 1). Several semiconductor-based qubit architectures have been proposed and studied both theoretically and experimentally, including the single spin qubit 2-9 , the singlet-triplet two-spin qubit [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , the exchange-only three-spin qubit [20] [21] [22] [23] [24] , and the hybrid qubit, consisting of three electrons in two quantum dots [25] [26] [27] . We will be focusing on the singlet-triplet qubit in this work, which has the advantage of very high fidelity and very fast single qubit gate operations in semiconductor quantum dot based platforms.
A singlet-triplet qubit consists of two electrons confined to a double quantum dot, which are free to tunnel between the two dots. Tunneling between the two dots creates an energy splitting J between the singlet and triplet state, which is controlled by adjusting the detuning , defined to be the potential energy difference between the two dots. The major features of a singlettriplet qubit can be described by a Hund-Mulliken molecular orbital model 28 . For zero detuning, the ground state is symmetric between the two dots, with one electron in each, which we will call the (1, 1) configuration following the standard terminology, and the triplet state, which is spatially antisymmetric, carries only slightly more energy because of the additional Coulomb replusion. As the detuning increases, the singlet state lowers its energy by mixing with the (0, 2) configuration, the state with both electrons in the lower energy dot. However, the triplet state is confined to the (1, 1) configuration due to the Pauli exclusion principle, and thus the exchange splitting can be increased by increasing the detuning. At a certain point, the energy difference between the two dots exceeds the energy cost due to the Coulomb repulsion, and it becomes energetically favorable for both electrons to occupy a single dot, if allowed by the spin state. At this point the singlet and triplet wave functions are relatively static with respect to changes in , and J simply grows linearly with .
In order to build a working quantum computer, we must first have a means to couple qubits so that multiqubit gates can be performed. For singlet-triplet qubits, there are two such methods-capactive coupling and exchange coupling. Capacitive coupling uses the fact that the singlet and triplet states have different electric dipole moments to realize a state-dependent coupling between two qubits, while exchange coupling simply uses an exchange interaction between one electron in one qubit and a neighboring electron in another qubit to couple the two. While exchange coupling has the advantage of allowing the interqubit coupling to be tuned independently of the intraqubit exchange interactions, it has the disadvantage of enabling leakage of the qubits out of the computational singlet-triplet space, although various steps can be taken to minimize the leakage error 29 . Capacitive coupling, on the other hand, does not present the leakage problem, but the interqubit coupling is dependent on the intraqubit exchange couplings. Our work will focus on calculating the interqubit capacitive coupling within a simplified model of a pair of singlet-triplet qubits.
We consider a system of two singlet-triplet qubits with an infinite potential barrier between them, so that the qubits interact only via the long-range electron-electron Coulomb interaction (and any interqubit exchange is neg-
Schematic picture of the coupled double quantum dot qubit setup considered here, showing the intraqubit exchange couplings J 1 and J 2 and the interqubit coupling J 12 .
ligible). Because the singlet state is partially in the (0, 2) configuration, it has a dipole moment, whereas the dipole moment of the triplet state, which must stay in the (1, 1) configuration, is essentially zero. Thus for a system of two qubits, there exists a state-dependent dipole-dipole energy shift J 12 proportional (at least in the classical limit) to the strength of the two dipole moments. We illustrate schematically the basic setup that we will be considering, showing what all of the couplings represent, in Fig. 1 . It is generally accepted that the dipole moment of a qubit i is roughly proportional to the exchange splitting of that qubit J i , implying that the strength of the total dipole-dipole interaction, i.e., the effective interqubit coupling strength, is proportional to the product J 1 J 2 1,15,30 . While this relationship has been shown to be relatively accurate in predicting the scale of the interaction, there is no conclusive evidence that J 12 ∝ J 1 J 2 holds exactly. We showed in a previous work 30 that this relation holds under a classical approximation and when the distance between the two quantum dots in a single qubit is much smaller than the distance between the qubits, but such a situation is far from that found in actual experiments, in which the distance between qubits is comparable to the distance between the dots in a single qubit. Additionally, we call into question the validity of the classical approximation itself, namely, it is completely unclear that the coupling strength will be given by the classical dipole-dipole potential. Therefore, we would expect noticeable corrections to this approximate J 12 ∝ J 1 J 2 relationship. While an order of magnitude estimate is sufficient for a proof-of-principle demonstration of two-qubit gates, greater precision is required for many applications, such as dynamically corrected gates. In fact, an accurate estimate of the inter-qubit coupling is necessary for the efficient design of the eventual qubit circuits for quantum computation.
We begin by considering a single qubit and investigating the relationship between the exchange coupling J and the dipole moment d of the qubit. We adopt a simplified Hund-Mulliken model of the singlet-triplet qubit, which depends only on the tunneling strength between the two dots t, and the detuning itself. We determine J from this model by calculating the difference between the lowest singlet and triplet energy eigenvalues, and find d from the form of the singlet eigenstate. We find that these two are proportional, i.e., d ∝ J, near the transition between the (0, 2) and (1, 1) states. However, as the detuning begins to vary from its value at the transition point, a quadratic correction is introduced, and far from the transition point, the linear behavior is lost altogether. We then consider the case of two qubits. In addition to the tunneling rate and detunings, we introduce a dipole-dipole interaction energy D which can be positive or negative depending on the qubit geometry and directions of bias for each qubit. We then calculate J 12 in the same way, and find that its relationship with J 1 and J 2 varies significantly depending on the sign of D, but in either case, the behavior is more complicated than simply taking the product of the noninteracting dipole moments.
This model captures the qualitative features of the system, and is very general, in that the only dependence on a specific potential or geometry is in the parameters t and D. However, many simplifying assumptions are made, and higher-order effects are ignored. In order to determine in what way these assumptions affect our results, we run a numerical simulation of the system for a squarewell potential. We construct and numerically diagonalize the Hamiltonian, extracting the exchange interaction strength J and dipole moment d as functions of the detuning for the single-qubit system, and extracting both the intraqubit exchange interactions J 1 and J 2 and the interqubit coupling J 12 for the two-qubit system. From these values we calculate the ratio, J12 J1J2 , and find that these results agree with the model we present. Specifically, for D > 0, we find that the relationship J 12 ∝ J 1 J 2 holds as a rough approximation in the region near the transition point, but is not quantitatively precise. We provide quantitatively accurate results for the interqubit coupling in our model system. The rest of this paper is organized as follows. In Sec. II, we present the general, simplified Hund-Mulliken model for the single-and two-qubit systems along with our calculations of d and J 12 , and in Sec. III, we give the numerical model Hamiltonian. We describe our numerical methods and present and discuss our results in Sec. IV, and then give our conclusions in Sec. V.
II. EXTENDED HUND-MULLIKEN MODEL
We present a potential-independent minimal model which describes the behavior of the capacitive coupling strength to first order for a system of two singlet-triplet qubits. In order to build this model, we first analyze the behavior of the dipole moment of a single qubit using a simplified Hund-Mulliken model, and then extend this model to two qubits in order to examine the capacitive coupling strength.
A. Single-Qubit Dipole Moment
We begin with the standard Hund-Mulliken model of two detuned quantum dots, the single particle ground states of which we will label |L and |R . We define the detuning = L|H 0 |L − R|H 0 |R , where H 0 is the single-particle Hamiltonian, assuming without loss of generality that |R is lower energy state. We introduce a tunneling parameter t = √ 2 L|H 0 |R , and neglect the overlap L|R corresponding to the assumption that L|R J/t. A full analysis that includes corrections for this overlap is given in Ref. 28 , but since this term does not contribute to the dominant behavior of the system, for simplicity we set it to zero. By the Pauli exclusion principle, the triplet state can only be |T = |L |R − |R |L / √ 2, whereas the singlet state may occupy either of |S 11 = |L |R + |R |L / √ 2 or |S 02 = |R |R . We neglect the (2, 0) singlet state, as it has a higher energy for positive detuning. The Hamiltonian for the singlet state is then given by:
in the (S 11 , S 02 ) basis, where = − C is the energy difference between the S 11 and S 02 states, which depends on the difference in Coulomb repulsion energy C and the bare detuning . With this definition, the energy of the triplet state is 0, and thus the exchange splitting J is simply the absolute value of the singlet ground state energy. Diagonalizing H S gives the energy and eigenstate:
We note that the singlet state |S is given by an avoided crossing at the point = 0, transitioning from the |S 11 state for < 0 to |S 02 for > 0. Similarly, J transitions from being very close to zero (asymptotically t 2 /| |) for negative to growing linearly with when is positive.
From these equations, it is possible to calculate the dipole moment d = S|x|S , where x = x 1 + x 2 is the two-electron total x operator. We define d 0 = R|x|R to be the dipole moment of a single electron in state |R with the origin placed at the midpoint of the two dots. Assuming |L ↔ |R under x → −x, by symmetry L|x|L = −d 0 , and L|x|R = 0. Given these values, it is easy to show that T |x|T = S 11 |x|S 11 = S 11 |x|S 02 = 0, and S 02 |x|S 02 = 2d 0 . Then the total dipole moment of the singlet state is given by
From this form, the limiting behavior of d(J) can be determined. For J t, the region defined by the (1, 1) configuration, d ∝ J 2 . For J t, the region defined by the (0, 2) configuration, d approaches a constant, 2d 0 , as expected since in this region both electrons stay in the right quantum dot, with minimal influence from the left. Near the transition point, J ∼ t, and so a Taylor expansion can be performed, as follows:
Thus, around the transition point, d is linear in J to leading order, a fact which is used in the justification that J 12 ∝ J 1 J 2 . However, we also obtain a quadratic term, and thus the linear relationship between d and J is certainly not robust over large variations in J. Thus, for applications that are highly sensitive to the precise form of d(J), experimental data should be fit to the form of Eq. (4). Additionally, we can expect a similar quadratic correction to the relationship J 12 ∝ J 1 J 2 .
B. Two-Qubit Coupling J12
We can extend this simple Hund-Mulliken model to explain the qualitative features of the two-qubit coupling strength J 12 . To do this, we consider two copies of the single-qubit system discussed above. Since we are concerned with the capacitive coupling strength, we assume that the two qubits are separated by an infinite potential barrier, so that there is no tunneling between the two qubits and hence no interqubit exchange coupling. This means that the qubits act as if they were isolated, except that the total energy is changed when both qubits possess a dipole moment. Since the dipole moment of the triplet state is zero, the |ST , |T S , and |T T states are all unaffected, and are treated the same as in section A. The |SS state can be modeled by taking two copies of the single-qubit Hamiltonian H S and adding a constant dipole-dipole interaction energy D to the |S 02 S 02 state, as done in Ref. 31 , yielding the following Hamiltonian:
For a system of two coupled singlet-triplet qubits, J 1 , J 2 , and J 12 are defined such that the Hamiltonian in the logical subspace, that is, the space spanned by the lowest energy states of each spin configuration (T T, T S, ST, SS), is given by
where Z i is the Pauli Z matrix acting on qubit i, and K is an (unimportant) constant. Using this definition, the values of J 1 and J 2 remain the same as given in eq. (2), and the capacitive coupling strength is given by:
where E SS is the lowest energy eigenvalue of H SS defined above. It is possible to represent E SS completely algebraically, as the zero of the fourth degree characteristic polynomial of H SS , but the resulting expression is much too unwieldy to analyze by hand (and is not particularly illuminating any way); however, we can extract the general behavior of the system by looking at several special cases. First, we look at the behavior of E SS in the limit where t → 0. In this case E SS is given by:
This divides the 1 2 -plane into four regions, distinguished by which of the four eigenvalues is smallest in each region, as shown in Fig. 2 . On scales much larger than t, the transitions between regions appear to be sharp corners, which then become smooth avoided crossings on scales comparable to t. As shown, the shape of the regions varies depending on whether D is greater than or less than zero, and the behavior of the system is significantly different in these two cases. When D is negative, there is an extra incentive for both qubits to be in the (0, 2) configuration, and so the region characterized by the S 02 S 02 configuration (the top-right region of Fig. 2 ) becomes larger. Notably, this means that if one qubit (for example, qubit 2) is in or near the (0, 2) configuration, the other qubit transitions at a lower detuning than normal, since the dipole-dipole attraction energy helps to offset the intraqubit Coulomb repulsion energy. Thus in this region (near the top of Fig. 2 ), J 12 and J 1 transition at different points, with |J 12 | becoming large while J 1 is still nearly zero, and therefore we expect there to be no simple relationship between J 12 and J 1 , J 2 in this region. Conversely, when D is positive, an additional energy cost must be paid to force both qubits into the (0, 2) configuration simultaneously, meaning the transition for E SS requires a larger detuning. However, J 1 and J 2 are unaffected by D, and still transition at 1 or 2 = 0 respectively, and thus for D < i < 0, J 12 is dominated by the J 1 + J 2 terms. Specifically, for t → 0, in this region J 12 = min(J 1 , J 2 ). We can examine the behavior of J 12 more quantitatively by performing an expansion for small or large J.
We first consider the case where J 2 t, which corresponds to − 2 t, |D|, and, using perturbation theory in 1/| 2 |, find the following form for E SS :
Writing this equation in terms of J 2 and J 12 (using Eqns. 2 & 8), we find the following form for J 12 :
Thus we see that for small J 1 or J 2 , the coupling strength acts like the product of the dipole moments of two isolated qubits, and thus in this regime, J 12 ∝ d 1 d 2 holds. We now turn our attention to the case where J 2 t, corresponding to 2 t, |D|, and repeat the process above. Here we find the following for J 12 :
Here J 1 − D refers to J as defined by Eq. (2) 
Finally, a Taylor expansion can be performed around the point (J 1 , J 2 ) = (t, t), which corresponds to 1 = 2 = 0, and is analogous to Eq. (5) above. For D t, we find the following approximation for J 12 :
Thus we find that the relationship J 12 ∝ J 1 J 2 is not quantitatively accurate even for a small region around the transition point. This is the main conceptual finding of our work.
III. NUMERICAL METHODS
We begin by presenting our model Hamiltonian. The exact form of the Hamiltonian describing the systems studied in quantum dot experiments has not been derived from any microscopic model, and in fact may vary between experiments. The actual qubit Hamiltonian most certainly depends on all the details of the quantum dot confinement potentials, various applied gate voltages, the presence of fixed charges in the system, and perhaps other unknown factors beyond experimental control, and thus an exact modeling of any kind is simply out of the question. Therefore, our focus will still be on qualitative features and self-consistency rather than exact quantitative results and absolute accuracy. Like in Sec. II, we first present our model for a single qubit, as the twoqubit model is easily generalized from it. We use a twodimensional model, which we define to lie in the xz plane, as the width of the dots in the y direction (which is assumed to be the direction of confinement for the twodimensional electron gas from which the quantum dots are fabricated lithographically in the xz plane) is much smaller than the radius in the xz plane. We take the x axis to run parallel to the line connecting the two quantum dots. For simplicity, we restrict any applied magnetic field B to lie in the xz plane; this allows us to choose the gauge in which the magnetic vector potential A = (xB z − zB x )ŷ, so that the orbital effects of the magnetic field in the Hamiltonian are confined to the y direction, allowing these orbital effects to be ignored for the purposes of our calculations. We will also be working entirely within the subspace in which the electrons within a given qubit are in a singlet |S =
(|↑↓ + |↓↑ ) state, and thus there will be no magnetic field effects from spin either. We therefore adopt the model,
where V ( x i ) is the single-particle potential defining the double quantum dot system. We take κ ≈ 292 for the purpose of making the Coulomb interaction a small perturbation without any loss of generality since we are only establishing a principle (and not simulating actual experimental devices); again, we are not interested in absolute accuracy, only in basic qualitative features, and in making our calculations as tractable as possible. For reasons that we will explain shortly, we choose the following form for V ( x i ):
where the square well potential V sq ( x i ) is
if |z| < a and −b − a < x < −b + a, U if |z| < a and −b + a < x < b − a, − /2 if |z| < a and b − a < x < b + a, ∞ otherwise, (16) the "correction" potential is
and the wave functions ψ L/R ( x) are constructed as follows. We take the lowest two eigenstates of the bare Hamiltonian,
and form linear combinations of the two such that ψ L/R ( x) = 0 exactly at the midpoint of the potential barrier; the combination with most of its "weight" in the left dot is ψ L ( x), and that with most of its "weight" in the right dot is ψ R ( x). These are nearly identical to the ground states of the pontentials obtained by placing an infinite wall at the midpoint of the double quantum dot system and keeping only the left-or right-hand side of it. This "correction" potential is similar to a mean field potential, and in fact becomes identical to it in the
The effective square well potential for a double quantum dot defined by Eq. (16) in the x direction with detuning , barrier height U , dot width 2a, and dot spacing 2b. The z direction (not shown) forms a standard infinite square well with width 2a.
limit of an infinitely high barrier. The integrals defining this potential can be difficult to evaluate analytically, so we instead use the first several terms in a multipole expansion for the given charge distribution. Here, is the detuning, U is the barrier height, a is the dot radius, and b is half the separation between dots. We provide a plot of V sq ( x) along the x axis for |z| < a in Fig. 3 . As the Schrödinger equation for a multielectron wave function cannot be exactly solved, a common method of calculating the exchange interaction involves choosing a finite basis |Ψ i , calculating the projection of the Hamiltonian onto this basis,
and numerically diagonalizing H Ψ . This is in fact the approach that we adopt here. As the size of the basis |Ψ i grows, H Ψ approaches the exact Hamiltonian H, and thus its eigenvalues converge to the exact energies. Some care is required, however, as a good choice of basis can converge very quickly, and, conversely, a poor choice requires many more states to reach the same degree of accuracy. The standard Hund-Mulliken model we discussed in the previous section corresponds to choosing |Ψ i to be the set of antisymmetrized two-electron products of single electron states |ψ i , where |ψ i includes the ground states of the two quantum dots tensored with the up and down spin states, under the restriction that S z |Ψ i = 0 (i.e., we restrict ourselves to the singlet-triplet computational space). We extend this model by allowing |ψ i to include the ground state and first few excited states. In order for this method to converge quickly, the basis states |ψ i must have maximal overlap with the exact wave function. For Coulomb interaction energies on the order of the single particle excitation energies, the wavefunction of each electron is strongly affected by the presence of the other electron, and thus the eigenstates of the bare potential differ significantly from the exact ground state wavefunction. To avoid this problem, we use an approach similar to the mean field approach employed in Ref. 32 , choosing the basis |ψ i to be eigenstates of the "bare" Hamiltonian, Eq. (18) . In effect, we are assuming that the gates defining the quantum dots are tuned in such a way as to produce a potential that, when the mean field experienced by one electron due to the other is added to it, will produce a semi-infinite square well on each side of the double quantum dot system. Two choices for the potential are commonly used in theoretical work-a polynomial that forms an (approximate) harmonic potential at each of the two dots, and the square well potential that we use in this work. We choose the square well potential for two reasons. First, screening due to the metal gates causes the potential inside the dot to become nearly flat, and thus the square well potential is physically closer to the true potential. One downside of this choice is that, in order to keep the potential separable in the x and z directions (for ease of computation), we must use the square dots produced by the potential in Eq. (16) rather than circular dots. However, this is likely to only have a relatively small effect on the exchange coupling. Secondly, the exchange coupling depends sensitively on the tunneling coefficient between the two dots, and thus it is essential for the single particle states to accurately match the potential both inside and between the two quantum dots. Eigenstates for electrons in potentials given by high order polynomials cannot be found exactly, and, while using Gaussian wave functions will accurately represent the wave function inside the quantum dots, they do not accurately approximate the magnitude between the two dots, and thus we require a large number of such basis states to obtain accurate results for the exchange energy. In contrast, the eigenstates for a square well potential are trivial to calculate, and thus the tunneling behavior of the wave function can be encoded in the basis states themselves. Simulations for a harmonic potential have also been done, for one 32, 33 and two 34, 35 qubits, but we find a square well to be more convenient for this context.
We also consider a system of two capacitively-coupled qubits. In this case, the Hamiltonian for the full twoqubit system is given by
where H I and H II are the single-qubit Hamiltonians describing the two qubits and the third term is the interqubit Coulomb interaction responsible for the capacitive coupling. We assume that the two qubits are a distance c apart, measured between the midpoints of their respective potential barriers. In this case, the "correction" portions of the potentials are modified to take into account the electrons in the other qubit, i.e., the poten-tial in qubit I is given by
where ψ P,N ( x), P = L or R, N = I or II, is the wave function of the electron in dot P (left or right) in qubit N (I or II), and similarly for qubit II. It should be understood that the square well parts of the potentials are finite within each qubit, and infinite elsewhere, so that there is no tunneling between the qubits. As a result, the qubits are coupled purely capacitively-there is no exchange coupling between them.
IV. NUMERICAL RESULTS
We now describe our numerical methods and provide our results, starting with the single-qubit problem. Matrix elements of the projection H Ψ of the full Hamiltonian H in the space of the single-electron eigenstates of the noninteracting Hamiltonian H 0 are calculated via numerical integration, with the two-body Coulomb integrals being done in Fourier space in order to reduce the integrals from four dimensions to two. Since V sq is separable, we solve the one dimensional problems independently and construct basis states |ψ i from the product of x and z eigenstates of H 0 . We choose a cutoff n, defined as follows. Let us suppose that we label the eigenstates along the x direction n x P , where P = L, R denotes the dot within which most of the "weight" of the wave function is found and n x is an index arranging the states from lowest to highest energy (e.g., 1L is the lowest-energy state mostly in the left dot, while 1R is the lowest-energy state mostly in the right dot). Similarly, we just label the z component of the eigenstates by the index n z that, again, arranges the states from lowest to highest energy. We keep only those states for which n x + n z ≤ n + 1. For example, a cutoff of n = 2 includes the lowest two states in either the x or z directions, for each quantum dot. Two-electron basis states |Ψ i are then formed by taking antisymmetric or symmetric product states of |ψ i corresponding to the triplet or singlet state respectively. We give energies in terms of the ground state energy of a single square well in one dimension of radius a, which we will denote E 0 = π 2 2m(2a) 2 . For our simulation, we use the relative dot size a/b = 0.58 and c = 4a + 2b (which results in all four dots being evenly spaced), matching the architecture in Ref. 36 . We require that the barrier height U be larger than the highest energy state in the basis |ψ i in order that no oscillatory behavior is present between the dots, as this would require many additional states to cancel out, and thus we adjust U as necessary.
We diagonalize H Ψ for a single qubit for cutoffs of n = 1 through 4 and extract the value of the ex- change coupling J by simply subtracting the energy of the lowest-lying triplet state from that of the lowestlying singlet state. We plot this exchange coupling for U = 10E 0 as a function of the detuning for several values of n in Fig. 4 . We see that this method converges very quickly; the qualitative features remain the same even for a small basis size. We note that J increases relatively slowly as a function of except near the critical value around ≈ 0.5. This is the value for which we observe a transition between the (1, 1) state and the (0, 2) state, and corresponds to = 0 in our simplified model. We see that the position of the (1, 1) to (0, 2) transition shifts only slightly when extending the basis size, helping to illustrate that our numerical methods converge quickly as a function of the basis size. We also calculate the dipole moment d of the system, again as a function of , and plot it in Fig. 5 , along with the ratios J/d and J 2 /d. Specifically, we define d as actually the difference in dipole moments between the singlet and triplet states, which is what the two-qubit system that we will be considering later will be sensitive to. We distinctly see a transition between the (1, 1) and (0, 2) states in these quantities as well. We note that, as predicted by our simplified model, the ratio J 2 /d is constant to the left of the transition point, and d is constant to the right of the transition point. Because J and d are so sensitive to changes in near the transition point, it is difficult to see the regime where J is linear in d; however, this behavior is alluded to by the fact that J and d jump by roughly the same order of magnitude at the transition point. This demonstrates that the assumption that J ∝ d only holds near this transition and is in fact a very fragile relationship.
We now consider the case of two capacitively coupled singlet-triplet qubits. We apply a similar technique as in the single-qubit case; we construct the full four-electron basis states from the single-electron eigenstates, under the assumption that there are two electrons in each qubit. We restrict ourselves to those states for which the to- tal z component of the electrons' spins S z = 0, and in which each qubit is in the singlet-triplet computational subspace (i.e., the spin state of the electrons is not, say, |↑↑↓↓ ). We then extract the values of the exchange couplings J 1 and J 2 and the capacitive coupling J 12 by identifying the lowest-energy states with the spin configurations, |SS , |ST , |T S , and |T T , and fitting the resulting diagonalized effective Hamiltonian to the form of Eq.
. We do this twice, once for the case where the detunings 1 and 2 are in the same direction, (making the dipole moments parallel, and hence D < 0), and once in opposite directions (meaning the dipole moments are antiparallel, and thus D > 0). We provide plots of our numerical results for U = 17.4E 0 as a function of the detunings 1 and 2 in Fig. 6 . Our results allow us to test the model presented above, as well as the degree to which the relationship, J 12 ∝ J 1 J 2 holds. In Fig. 6a , we plot J 12 versus 1 and 2 for D < 0, which produces an area divided into four regions. We see that the boundaries between these regions do not meet at a single point, but rather take the same form as depicted in the top plot of Fig. 2 . We provide similar plots of J 1 J 2 and the ratio, J12 J1J2 , in Figs. 6c and 6e, respectively. The plot of J 1 J 2 is similarly split up into four quadrants-the blue area corresponds to the region where both qubits are in the (1, 1) configuration, the orange area corresponds to the region where both qubits are in the (0, 2) configuration, and the two green areas correspond to regions where one qubit is in the (1, 1) configuration and the other is in the (0, 2) configuration. However, since the shapes of these regions are different between the plot of J 12 and that of J 1 J 2 , the relationship J 12 ∝ J 1 J 2 clearly does not hold generically for all values of the detunings. This is shown more explicitly in the plot of J12 J1J2 , where we find a triangular region within which the ratio is orders of magnitude larger than it is anywhere else. Since this region, near the transition points, is the main regime of qubit operation, we conclude that J 12 ∝ J 1 J 2 simply cannot be used for D < 0. We also show the same plots for D > 0 in Figs. 6b, 6d , and 6f. Here we notice that the quadrants of the J 12 plot do meet at a single point, as predicted by our model. Additionally, the variation in J12 J1J2 visible in Fig. 6f is much milder than in the D < 0 case, seemingly varying by only two orders of magnitude over large scales. However, because this graph is likely to exhibit the cusp-like nature seen in the graph of J/d in Fig. 5 , it is difficult to determine the exact scale on which J12 J1J2 varies near the transition point from the discrete set of sample points used to generate Fig. 6 . Thus we refer back to the model presented above, and conclude that J 12 ∝ J 1 J 2 roughly predicts the scale of J 12 , but is not quantitatively accurate.
V. CONCLUSION
We investigated the relationship between the capacitive coupling J 12 and the intraqubit exchange couplings J 1 and J 2 in a system of two capacitively coupled singlettriplet qubits by using a generic minimal model. We then test the validity of this model in the presence of higherorder effects by numerically diagonalizing the projection of the Hamiltonian onto a finite subspace. Our goal is to determine whether or not the often-assumed relation, J 12 ∝ J 1 J 2 , holds, connecting the interqubit capacitive coupling strength to the intraqubit exchange couplings.
Our generic model is independent of the qubit geometry and potential, in that these only affect the model through the values of two constant parameters: the tunneling strength t, and the dipole-dipole interaction energy D. Our model consists of two pairs of quantum dots, where tunneling is allowed between the two dots within each pair, but where some infinite potential barrier separates the two pairs, so that there is no tunneling from one pair to another. This ensures that there is no exchange coupling between the qubits, as it is our goal to examine only the capacitive coupling strength. We define the detunings 1 and 2 to be the energy difference between dots in the first and second pair respectively, and adjust these detunings by the energy cost of having two electrons in a single dot, so that i = 0 at the (1, 1) to (0, 2) transition point of an isolated qubit. We construct a Hamiltonian over the space spanned by the lowest energy states of each dot, and from this Hamiltonian determine the behavior of J 12 .
While the model we present is a good starting point for understanding a system of two capacitively coupled singlet-triplet qubits, it makes assumptions, such as ignoring the effects of higher energy states. To see how this affects the model, we perform a numerical simulation of the system. In this simulation, we assume for simplicity that the qubits may be modeled as 2D square wells, with an interdot distance of 2b and a potential barrier of height U separating two semi-finite square wells with width 2a, all bounded by infinite walls, along the x direction and a simple infinite square well of width 2a in the z direction. We also add detuning , defined as the difference of the potential in the two dots. While this choice is motivated somewhat by experiment, it is not an exact model-we are only interested in general qualitative features, not in a precise simulation of actual experimental systems, which will be difficult anyway since all the system parameters may not be known. Carefully choosing the subspace allows for a quickly converging energy spectrum to be calculated, from which we determine the values of J 1 , J 2 , and J 12 .
For a single qubit, we find that J is proportional to the dipole moment d in the neighborhood of the transition point, but that there is a quadratic correction to this relationship as we move further away from the transition to the (1, 1) side, so that, far from the transition, d ∝ J 2 when 0. On the other, (0, 2), side of the transition, d approaches a constant when 0. We find that our numerics agree very well with our theoretical model for both the regions characterized by 0, and the one by 0. Unfortunately, the behavior at the transition point itself is somewhat difficult to assess numerically, due to how quickly J and d begin to increase. However, the fact that they jump by seemingly the same order of magnitude at the same point gives credence to the model that they are linearly related in this regime. For a system of two qubits, a common approximation is that J 12 acts as the product of two isolated single-qubit dipole moments; however, we find that this is only the case far from the transition points. Close to the transition, the behavior becomes more complex, and is dependent on the sign of D. For D < 0, we find a shift in the J 12 transition boundary, which is so severe that J 12 ∝ J 1 J 2 can no longer be applied for sizable D, not even as a rough approximation. This is evidenced in our numerics by the fact that the ratio J12 J1J2 varies by over 6 orders of magnitude in the vicinity of the transition point. For D > 0, we find that the behavior of J 12 is similar to that of the product J 1 J 2 , both dividing the 1 2 -plane into four quadrants meeting at a single point. However, quantitatively, our model suggests that these are not directly proportional, and thus, our model does not support use of the current relationship for anything more than a qualitative tool for estimating the order of the parameters. Thus, a more quantitatively accurate relationship is needed for many applications. For example, our previous work on error correction in coupled singlettriplet qubits 30 assumes this proportionality, and thus the results obtained therein will be altered if we use a more accurate relationship.
We therefore conclude that the interqubit capacitive coupling in quantum dot based singlet-triplet qubits must be individually calculated for each system, and simple approximations, e.g., J 12 ∝ J 1 J 2 , although physically appealing, fail badly in general, particularly near the important transition points between (1, 1) and (2, 0) configurations where the gate operations are likely to occur.
